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Abstract. We prove a number of fundamental facts about the canonical order on projections 
in C*-algebras of real rank zero. Specifically, we show that this order is separative and that arbi- 
trary countable collections have equivalent (in terms of their lower bounds) decreasing sequences. 
Under the further assumption that the order is countably downwards closed, we show how to 
characterize greatest lower bounds of finite collections of projections, and their existence, using 
the norm and spectrum of simple product expressions of the projections in question. We also 
characterize the points at which the canonical homomorphism to the Calkin algebra preserves 
least upper bounds of countable collections of projections, namely that this occurs precisely 
when the span of the corresponding subspaces is closed. 



1. Introduction 

Real rank zero C*-algebras have been studied for over two decades, since they were first defined 
in [5]. Furthermore, specific examples of such C*-algebras have been an object of study long before 
that, like the Calkin algebra, for example, which was first defined in [7] another 50 years earlier. 
Consequently, it is somewhat surprising that the basic questions we answer in this paper have not 
been dealt with before. More recently it has come to light that certain famous problems, like the 
Kadison-Singer conjecture for example, have an equivalent formulation in terms of the order on 
projections (see [2]). Given that even a very basic understanding of this order structure has been 
lacking, it is perhaps no wonder that a problem like the Kadison-Singer conjecture has remained 
open for over half a century. 

For example, one can ask the following simple questions. When do two projections have a 
non-zero lower bound? When do they have a g.l.b. (greatest lower bound)? How can this g.l.b. 
be characterized? What about l.u.b.s (least upper bounds)? What about arbitrary finite and 
countable collections? When they do not have a g.l.b., how pathological do things get? Can we 
even have finite gaps, for example? 

Before we detail our approach to these questions, let us step back a little and look at what 
is already well known. Take a Hilbert space H (over the scalar field F = M or C) and let V{H) 
denote the collection of closed subspaces of H. It is common knowledge that V{H) is a lattice 
w.r.t. C, specifically U r\V and U + V wiU be the g.l.b. and l.u.b. of any U,V £ V{H). Also, 
V(-ff) is separative w.r.t. C, for if [/ ^ 1/ then U O {U O V)^ is a non-empty subspace of U with 
zero intersection with V. Thanks to the one-to-one correspondence between projections on H and 
closed subspaces of H, which is also an order isomorphism (i.e. TZ{P) C TZ{Q) <S4> PQ = P), the 
same applies to the projections V{B{H)) on H and, more generally, to the projections V{A) in A, 
for any subalgebra A of B{H) closed in the weak operator topology, i.e. a von Neumann algebra. 

Classical works like [12] and [14] examine the existence of g.l.b.s and l.u.b.s with respect to 
the collection of all self-adjoint elements S{A) of A (with the order defined hy S<T'^T— S 
is positive). The situation is substantially different in this case, as pairs of projections in a von 
Neumann algebra A can only have a g.l.b. with respect to S{A) if they commute, by [12] Corollary 
4 (we extend this to arbitrary unital C*-algebras in Corollary 7.2). Even commutativity is not 
enough to guarantee that they have a g.l.b., as pairs of projections on H have a g.l.b. with respect 
to S{B{H)) only if they are comparable, by [12] Lemma 7. 
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This paper focuses on going in the other direction, expanding the range of C*-algebras under 

consideration rather than the partial order. Specifically, wc examine the existence of g.l.b.s and 
l.u.b.s, still with respect to ViA), but in the more general case when A is only assumed to have 
real rank zero. Our primary motivation is the study of the projections in the Calkin algebra of 
H, the quotient C{H) = B{H)/JC{H) where JC{H) is the collection of compact operators. This 
algebra is well known to have real rank zero (see [9]), even though it is not a von Neumann algebra. 
Indeed, it is shown in [8] Proposition 5.26 that V{C{H)) is not even a lattice. The order structure 
of V{C{H)) has also been investigated in [11] and [17] with a particular focus on linearly ordered 
(and hence commutative) gaps. Indeed, all such work until now has dealt only with commutative 
subsets of V{C{H)), in particular on subsets of projections coming from the canonical embedding 
(with respect to some basis (e„) of H) of subsets of J^(a;) /Fin into C{H). No doubt this is because 
finite commutative subsets of 'P{A), for arbitrary C*-algebra A, do necessarily have a g.l.b. given 
simply by their product. Despite the fact this may fail for non-commutative subsets, we show in 
this paper that these subsets are not as intractable as they might at first appear, at least when 
they are countable and A has real rank zero. 

The reason for this is that real rank zero C*-algebras are somewhat close to being von Neumann 
algebras in the sense that, while spectral projections of self-adjoint elements do not always exist 
in the algebra itself, arbitrarily close approximations do. This allows some properties of 'P{A) to 
still be proved in this more general context, albeit with more effort using these spectral projection 
approximations. For example, in Theorem 4.4 we show that 'P{A) must still be separative, while in 
Theorem 5.4 we show that the lower bounds of an arbitrary countable subset of V{A) are precisely 
the lower bounds of some (possibly non-strictly) decreasing sequence in V{A). This allows some 
consequences of being a lattice to still be proved, despite the fact V{A) may not be a lattice. For 
example we show in Theorem 5.7 that Vi^A) having no atoms or (a;,a;)-gaps still implies it has no 
non-trivial countable gaps. In §6 we investigate l.u.b.s, showing in (16) that, when dealing with 
a C*-algebra A of real rank zero such that ViA) is cr-closed, a pair of projections has an l.u.b. 
if and only if it has a g.l.b.. Wc also point out some connections to sums of subspaces, showing 
in Corollary 6.3 that a countable sum of subspaces in H is closed if and only if the canonical 
TT : B{H) — > C{H) preserves the l.u.b. of the corresponding projections. Finally, we prove one 
result. Corollary 7.2, about the existence of g.l.b.s of pairs of projections with respect to the 
collection of all self-adjoint elements, extending [12] Corollary 4 from von Neumann algebras to 
arbitrary unital C*-algebras. 

2. Spectral Families 

We first discuss the spectral families that will be used throughout this paper. 

Definition 2.1. If S' e S{B{H)), for some Hilbert space H, then _Bs : R ^ V(B{H)) is the spectral 
family of S if {Sv, v) < t, for all unit v e n{Es{t)), and t < {Sv, w), for all unit v e niE^it)). 

Our reference for spectral families is [16], where the existence and uniqueness of the spectral 
family Es, for any S G S{B{H)), is proved in [16] Theorem 7.17. Note that the case F = M is 
proved here too, even though the spectral theorem for arbitrary normal operators requires F = C. 
We also denote by Es{t—) the limit, approaching t from below, of Es in the weak (or strong) 
operator topology. Equivalently, Es{t—) can be given the same definition as in Definition 2.1, just 
with the < and < exchanged. Also note that spectral families are usually defined in a different 
way, together with spectral measures and integrals. However, we have chosen to define spectral 
families here simply in terms of the above elementary inequalities as these inequalities are the only 
spectral family properties used throughout this paper. For example, we can use them to show that 

(1) E^Qpil-) = PAQ, 

for projections P,Q & B{H). To see this, simply note that, for unit v e TZ{PAQ) = TZ{P)r\TZ{Q), 
{PQPv,v) = {v,v) = 1, while for unit v G H\TZ{P A Q) we either have v ^ T^{P), and hence 
{PQPv,v) < \ \PQPv\\ < \\Pv\\ <l,orvG 7^(P)\7^(Q), so {PQPv,v) = {Qv,v) < \\Qv\\ < 1. 

One important point about spectral familes of elements of a C*-algebra A is that they depend 
on the particular Hilbert space on which A is represented, even though some inequalities relating 
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to them do not. Specifically, given a C*-algebra A C B{H), a faithful representation tt of ^ on 

another Hilbert space iJ', 5* G B{H) and t G K, it may well be that Es{t) does not lie in A 
and, even if it did, there would still be no guarantee that n{Es{t)) = E^(^s){t). However, if it 
does lie in A, we would necessarily have 'K{Es{t)) < E„(^sj{t). More generally, the statement 
tt{P) = i?7r(S)(^)i for P,S& A, depends on the (faithful) representation tt, while the statement 

7r(P) < i?7r(5-)(t) docs not, as wc now show. 

Proposition 2.2. Let H and H' be Hilbert spaces, let A C B{H) be a C* -algebra and let n : 
A B{H') be a homomorphisiv} . For all P e V{A), S e S{A) and t G R, P < Es{t) implies 
7r(P) < E„^s){t) and Egit-) < P implies E^(^s){t-) < 

Proof. Let T = (5 + (IIS*!! + \t\)l)/{t + \\S\\ + \t\), so P < Es{t) ^ Et{1) (this equality follows 
easily from the uniqueness of the spectral family in Definition 2.1). Note that T is positive and, 
as TZ{Et{1)) is T-invariant (see [16] pl96 Proposition (1)), it follows from Definition 2.1 that 
\\T''Et{1)\\ < 1, for all n G w. As ||7r|| = 1, wc also have ||7r(r"P)|| < 1. But 7r(T) is also 
positive so by [10], £'7r(T)(l) is in fact the largest projection p such that ||7r(T)"p|| < 1, for all 
n G u). Hence 7r(P) < S^(t)(1) = S^(s)(t). Thus the first implication is proved, and simply note 
that the second implication follows from the first and the fact that Es{t—) < P is equivalent to 
P^i=l-P)<E_si-t). □ 

Alternatively, in the proof of Proposition 2.2 one can use the continuous functional calculus 
which, unlike spectral families, is well defined in the abstract C*-algcbra context. Specifically one 
can note that Es{t) = inf„(/„(5')), where /„ is a sequence of non- negative continuous functions 
on R decreasing pointwise to the characteristic function of (— oo,t]. Then wc sec that P < Es{t) 
is equivalent to the statement that P < /„(5'), for all n G oj, giving 7r(P) < 7r(/„(S')) = /„(7r(5')), 
for all n € Lo, which is in turn equivalent to 7r(P) < E„(^g-^[t). 

We will also mention the spectrum, (t(T), of T G B{H), as given below. 

(2) a{T) = {A G F : T - Al is not invertible in B{H)}. 

The importance of the spectrum in this paper comes from its relation to spectral families of 
S G S{B{H)) given below (sec [16] Theorem 7.22 (iv)). 

(3) aiS) = G R : Ve > 0{Es{t + e) - Es{t - e) ^ 0)}. 

It is well known that if T G ^ for some C*-algebra A C B{H) containing the identity operator 
1 then B{H) may be replaced with A in (2) above (see [1] p3). It follows that if tt : A P is 
a homomorphism from a C*-algebra A to & C*-algebra B then a{TT{T)) C a{T), for all T £ A. 
In the case A = B{H) and B = C{H), a{Tr{T)) is known to be precisely the limit points of cr(T) 
together with the eigenvalues of T of infinite multiplicity, so long as F = C or T G S{A). 

We shall also use the following elementary results. For S G S{A), \\S\\ = max |cr(5)|, which can 
be derived from Definition 2.1, (3) and the fact that ||S'|| = sup||^||^i \{Sv,v)\ (see [16] Theorem 
4.4 (b)) so, forP,Q,GP(^), 

(4) ||PQ||2 = ||PQ(Pg)*|| = ||PQQP|| = ||PQP|| = max(a(PgP)). 

Note that G cr(rP), for any T G A and P G P{A)\{1}. Also, for any S,T € A, we have 
ct(5T)\{0} = C7(T5)\{0} (see [1] Exercise I.7.A.) which means, for P, Q G P(A), 

(5) a(PgP) = a{PPQ) = a{PQ) = a{QP) = a{QQP) = a{QPQ). 

For S G S{A) and P G V{A) with SP = S = PS, Ep_s{t) = E^{1 - t-) + P^, for t G (0, 1). By 
(3), this implies that, for Q G V{A), 

(6) <j{PQ^P) n (0, 1) = C7(P - PQP) n (0, 1) = 1 - a{PQP) n (0, 1). 



^Note that when H and H' are Hilbert spaces, A C B{H) and we say tt : A — >■ B{H') is a homomorphism, 
we mean that tt preserves the algebraic operations (addition, multiplication and the adjoint operation) and, if the 
identity operator iB(if) is in A, Tr{lB{,H)) = 1b{h')- If ^B{,h) ^ ^ then we can always extend -k : A ^ B{H') to a 
homomorphism n' : A + Flg(^) B{H') by setting n'(a + Algj^j) = 7r(a) + Alg(^/), for all a G A and A S F. 
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3. Quotients of C*-algebras of Real Rank Zero 

As stated in the title, we will primarily be interested in C*-algebras of the following type. 

Definition 3.1. A C*-algebra A has real rank zero if S~^{A), the collection of self-adjoint invert- 
ible elements of A (with a unit adjoined, if A has none), is dense in S{A). 

Proposition 3.2 below follows from this definition and some elementary C*-algebra theory. 

Proposition 3.2. // a C* -algebra A has real rank zero and n is a homomorphism onto another 
C* -algebra B then B also has real rank zero. 

Prom now on, rather than applying the definition of real rank zero directly, we will make use 
of the following important consequence of having real rank zero. 

Theorem 3.3. Let H be a Hilbert space and let A C B{H) be a C* -algebra of real rank zero. For 
all S ^S{A) andiXt < s ^M. there exists P eV{A) such that E^{s) <P<E^{t). 

For a proof of this result, see [4], at least for the specific case where H is the Hilbert space coming 
from the universal representation of A. For the general result simply note that, by Proposition 2.2, 
if the spectral families in Theorem 3.3 can be taken with respect to some faithful representation 
of A, like the universal representation, then they can actually be taken with respect to any repre- 
sentation, be it faithful or not. Alternatively, one can use the fact that any representation tt of a 
C*-algebra A can be extended to a normal representation tt" of the entirety of its universal envelop- 
ing algebra A** onto 7r[j4]" (see [13] Theorem 3.7.7). Normality implies that spectral projections 
with respect to the universal representation push forward to the same spectral projections, i.e. 
normality gives us the middle equality in Tr"{Es{t)) = 7r"(inf„ ,fn{S)) = inf„ 7r(/„(5)) = E^(s){'t)i 
for all S e S{A) and t G R, where the (/„) are as in the remark after Proposition 2.2, from which 
the full generality of Theorem 3.3 again follows. 

Theorem 3.4. Ifn is a C* -algebra homomorphism from A onto B, A has real rank zero, q € V{B), 
P € ViA) and q < 7r{P) then there is Q G V^A) with tt{Q) ^q andQ<P. 

Proof. Take T & A such that 7r(r) = q. Setting S ^ {T + T*)/2 G S{A), we see that still 
7r(S') = {q + q*)/2 = q. Take positive 5 < 1/2 and Q G V{A) with E^sp{l-5) <Q< Ej;sp{6-).^ 
As tt{S) = q< tt{P), tt{PSP) = q so, by Proposition 2.2, 

q = E^{l-6)<n{Q)<E^{5-) = q. 

Also J\f{P) C J\f{PSP) C n{Epsp{6-)) so P-L < Epsp{6-) and hence Q < Ej^gpiS-) < P. □ 

In particular, when P = 1 this shows that every projection in B can be pulled back to a 
projection in A if A has real rank zero, which was proved in [15] for A = B{H) and B = C{H). 

We can use this to show further that a projection sandwiched between the image of two other 
projections can be pulled back to a projection still sandwiched between them. 

Corollary 3.5. If tt is a C* -algebra homomorphism from A onto B, A has real rank zero, q G 
V{B), P,Re V{A), R< P and tt{R) <q< tt{P) then 3Q G V{A) with 7r(Q) = q and R <Q < P. 

Proof. Applying Theorem 3.4, we have S G P(A) with S < P and 7r(5) = q. Then apply 
Theorem 3.4 again to get T e P(A) with T < P - P and 7r(T) = 7r(P - S). Setting Q = P-T, 
we see that 7r((3) = 7r(S') = g and P < Q < P. □ 

Definition 3.6. Take a partial order P with minimum element and P, Q C P. If p G P\{0} is 
minimal it is called an atom. If, whenever r < p for all p G P, we have r < q for all g G Q then 
we say V is below Q. If p < q, for all p G P and q G Q, then (P, Q) is a pregap. We say r G P 
interpolates the pregap {V , Q) if p < r < q, for all p G P and 9 G Q. A gap is a pregap with no 
interpolating element. A (pre)gap ((pn)) (9n)) for strictly increasing (p„) and strictly decreasing 
(g„) is called an (a;,a;)-(pre)gap. We say P is a-closed if every decreasing (p„) C P\{0} has a 
non-zero lower bound. 



■^In fsLct, by [6], A does not have to have real rank zero for this, so long as d{PSP ± 1/2, S ^(A)) < 1/2 — S, 
where d here is the (infimum) distance function. 
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Proposition 3.7. If -k is a C -algebra homomorphism from A onto B, A has real rank zero and 
V{A) has no {u),w)-gaps then neither does 'P{B). 

Proof. Given an (w, ix))-prcgap in V{B), wc may alternately choose 7r-pullbacks [Pn) 

and {Qn) for {pn) and (g„) respectively, using Corollary 3.5 at each stage to ensure each 7r-pullback 
lies in between the 7r-pullbacks already chosen. Then ((-Pn), {Qn)) is an (a;,a;)-pregap and can thus 
be interpolated by some P G 'P{A), from which it follows that n{P) interpolates {{Pn), {Qn))- D 

Corollary 3.8. If tt is a -algebra homomorphism from A onto B and A is a von Neumann 

algebra then V{B) has no {u},u})-gaps. 

Proof. By Proposition 3.7, it is enough to prove that V{A) does not have (w,w)-gaps. But an 
(a;,a;)-prcgap (P, Q) in ■p(A) corresponds to an (w, w)-pregap of closed subspaces, and both the 
intersection of the top half and the closed \inion of the bottom half of any siich prcgap will 
interpolate it. The projection onto either of these subspaces will then be in 'P{A) because A is a 
von Neumann algebra. □ 

Assume we have a C*-algebra A, P & and decreasing (P„) C V{A) with ||P^P„|| 0. 

Then, for any Q e 'P{A) with Q < P„, for all n € w, we have 

\\P^Q\\ = \\P^{Pn + P^)Q\\ < WP^PnW + \\P^Q\\ = WP^PnW ^ 0, 

and hence Q < P, i.e. (P„) is below {P}. For Theorem 5.1, and the results that follow from it, 
we will need the converse of this to hold. 

Definition 3.9. A C*-algebra A has the co-property if ||P-'-P„|| — ^ whenever (P„) C P{A) is a 
decreasing sequence below P e 'P(^). 

Note that if A is a C*-algebra with the w-property then P{A) is u-closed. For, if not, we would 
have decreasing (P„) with no non-zero lower bound, i.e. (P„) would be below even though 
||0^P„|| = ||1P„|| = ||P„|| = 1, for all new. 

We point out here that the w-property is not necessarily invariant under homomorphisms (see 
the next paragraph). Even if it were, this would not help us prove that C{II) has the w-property, as 
B{II) docs not have the w-property for infinite dimensional Hilbert spaces H. In fact, so long as H 
is infinite dimensional, we may take orthogonal (P„) C V{B{II))\{{)} such that H — ^ Ti-iPn) (for 
a collection of subspaces V of iJ, ^ V denotes the (possibly not closed) linear span of subspaces 
in V, i.e. E V = U„ec..{ELo «fe : Vfc < n{vk G U V)}). Then, setting Q„ = {^1=0 Pk)^ ^ach 
new, wc sec that {Qn) has no non-zero lower bomid and hence B{II) is not even cr-closed. 

However, it is not difficult to prove directly that C{H) has the w-property, as shown in The- 
orem 3.10 below. It is also not difficult to find a homomorphism from C{II) to another C*- 
algebra without the w-property, so long as H has uncountable Hilbert dimension. Specifically, let 
C°°{H) = B{H)/IC°°{H), where IC°°{H) = {T e B{H) : n{T) is separable}. As IC{H) C /C°°'(i?), 
the canonical homomorphism tt from B{H) to C°^{H) induces a canonical homomorphism from 
C{II) to C°°{II). But if {Pn) and {Qn) are as in the previous paragraph, this time with TZ{Pn) 
non-separable, for each n € uj, then 7r((5„) has no non-zero lower bound in C°°{H) (because if 
we have Q e V{B{II)) such that 7r(Q) < 7r((5„), for all n € uj, then TZ{QPn) is separable, for all 
n G UJ, and hence 'R-{Q) C Y^TZ{QPn) is also separable, i.e. it{Q) = 0). 

We show in Theorem 3.10 below that C(-ff) has the properties relevant to this paper. With 
the exception of the w-property, which as far as we know has not been defined before, these 
properties of C{H) are well known. For example, it is shown in [9] that C{H) has real rank 
zero. In fact, it follows directly from Proposition 2.2 that the spectral family approximations 
we require always exist in quotients of von Neumann algebras. Indeed, the approximations are 
even better in this case, as we see that -E^(g)(i) < '^{Es{tj) < -^■^(^^(f— ), whenever tt is a 
homomorphism from a von Neumann algebra A to a (necessarily real rank zero) C*-algebra B, 
S e S{A) and < e M. In other words, instead of only knowing that, whenever s e (0,t), there 
exists P e P(P) such that iJ^^g-j(i) < P < E:^^g^{s), we in fact have just one P, namely ■K{Eg{t)), 
for which E;j^,gJt) < P < E:^,g.{s) for all s e {0,t). Such C*-algebras might be considered as 
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the non-commutative analogs of extremally disconnected topological spaces, just as real rank zero 
C*-algebras are considered as the non-commutative analogs of totally disconnected spaces. 

Theorem 3.10. If H is an infinite dimensional Hilbert space then C{H) has real rank zero and 

the Lu-property, and 'P{C{H)) has no atoms or {LU,Lu)-gaps. 

Proof. The first statement follows from Proposition 3.2 and the last follows from Corollary 3.8. 
To see that V{C{H)) has no atoms simply note that 7r(P) ^ if and only if 7?.(P) is infinite 
dimensional, and every infinite dimensional closed subspace contains a closed infinite dimensional 
infinite codimensional subspace. To see that C{H) has the w-property, take p, C V(C{H)) 
with (pn) strictly decreasing and > e > 0, for all n G ui. By Theorem 3.4, we can find 

P, (Pn) Q P{^{H)) such that (P„) is decreasing, 7r(P) = p and 7r(P„) = p„, for all n € uj. Then we 
may recursively choose an orthonormal sequence {vn) (i.e. a sequence of orthogonal unit vectors) 
such that Vn € 7?.(Pn) and ||P-'-t;„|| > e, for all new. Orthonormality implies that [vn) converges 
weakly to 0, and hence {Kvn) converges in the norm topology to 0, for all K € !C{H) (see [16] 
Theorem 6.3). Thus, for all such K, \\P'^Q — K\\ > limsup ||P-'-t'„||, where Q is the projection 
onto span(w„). This means ||p-'-7r((3)|| > e and hence ^{Q) ^ p. But also the codimension of 
TZ{Q) n TZ{Pn) in TZ{Q) is finite(= n), for all new, and hence 'it{Q) < Pn, for all new. □ 

4. Lower Bounds (Finite Collections) 

In this section we take a C*-algebra A, faithfully represented on a Hilbert space H {so A C 
B{H)), and investigate the lower bounds of subsets of P(^). For V C V{B{H)), /\V denotes the 
greatest lower bound of V in V{B{H)), so Tlif\V) = f]p^-pn{P). Also \/ V denotes the least 
upper bound of V in V{B{H)), so Tl{\/V) = Ypev ^(^)- 

We first prove one general theorem, using the spectrum to characterize the points at which a 
(algebraic) homomorphism is a lattice homomorphism. This might appear a bit intimidating at 
first, but afterwards we give examples and applications for a number of important special cases. 

Theorem 4.1. Let n be a C*-algebra homomorphism from A C B{H) to B C B{H'), take 
Po, . . . , P„ G V{A) and set T = P, . . . P„, P = Po A . . . A P„ and p = 7r(Po) A ... A 7r(P„). // 
sup(c7(r*T)\{l}) < 1 then P G A and tt{P) = p. Further assume that A has real rank zero, 
V{B) isa-closedandTT-'^[{<d}]CK{H). IfiT{R) is a g. lb. o/7r(Po), . . . , 7r(P„) in V{B), for some 
R e r{A) below Po,..., Pn, then sup(£7(T*T)\{l}) < 1. 

Proof If s = sup((j(T*T)\{l}) < 1 then we may let / be a continuous function / : M ^ [0, 1] such 
that fit) ^ 0, for all t < s, and f{t) ^ 1, for all t > 1. Then P = E;^,j.{l-) = /(r*r) e A and 
7r(P) = 7r(/(r*T)) = f{iT{T*T)) = E^^T'Tji^-) = P (using the fact that cr(7r(T*r)) C cr(T*r)). 
Assume further that A has real rank zero, P(P) is rr-elosed and 7r~"'^[{0}] C ]C{H). Take 
t 1 and (Q„i) ^ P{-^) with Ej^,j.{tm+i) < Qm < E^,j,{tjn), for all m e w, so we have 
Ameu: Qm = E^,j,{l-) = P. If sup(cr(T*T)\{l}) = 1 then Qm - P must have infinite rank, for 
all m £ u!, and hence the same must be true for Qm — R, for any R E V{A) with R < P. As 
7r~-^[{0}] C K{H), we have iriQm) > 7r(P), for all m E co. Thus {Tr{Qm) — 7r(P)) must be bounded 
below by some q e P(P)\{0}, yielding p > 7r{R)+q > tt{R) and 7r(P) + g € P(P), i.e. Tr{R) could 
not be the g.l.b. of 7r(Po), . . . , 7r(P„) in P{B). □ 

When A = B{H), B w C{H) and tt is canonical, Theorem 4.1 tells us that, for P,Q & V{A), 
3R e V{A) below both P and Q such that Tr{R) is a g.l.b. of 7r(P) and n{Q) in V{B) 
^ 7r(P A Q) = 7r(P) A 7r(g) 
^ a(PO)\{l} < 1. 

Note that when tt{P)Att{Q) ^ P(P), we certainly can not have tt{PAQ) = 7r(P) A7r(Q). However, 
even when tt{P) A tt{Q) G P{B), there is still no guarantee that w{P A Q) = tt{P) A n{Q). For 
example, say (e„) is an orthonormal basis for H and consider P,Q G V{B{H)) with 

(7) 7?.(P) = span(e2„) and 7?.(Q) = span(e2„ H ^e2„+i). 
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Then 7r(P) = 7r(Q) is certainly in B, even though it is not equal to = 7r(0) = 7r(P A Q). 
When A = B fa C{H) and tt is the identity, Theorem 4.1 tells us that, for p,q G V{A), 

(8) p and q have a g.l.b. in ^(A) <^ pAq£A ^ a{pq)\{l} < 1. 

Incidentally, until recently it seems to have been implicitly assumed in a number of previous papers 
that the projections in the Calkin algebra are a lattice. The first example of a pair of projections 
in the Calkin algebra that do not have a g.l.b. was provided by Weaver and can be found in [8] 
Proposition 5.26. For another (very similar) example, consider the pairp = 7r(P") and q = tt{Q'^), 
where and are the projections on 0^ H = H composed of countably many copies of the P 
and Q in (7) (and tt : B{H) C{H) is canonical). Then a{pq)\{l} = {^^fqiY ' ^ '*^}' hence 
p and q have no g.l.b. in C{H) by (8). 

Next we characterize g.l.b.s of finite subsets of projections using a simple norm expression. 

Theorem 4.2. Let A be a C -algebra, take Po,...,P„ G V^A) and set T = PoPi...P„ and 

P = Po A . . . A P„. If R < P and ||r — P|| < 1 then R = P. Moreover, assuming A has real rank 
zero and V{A) is a-closed, if R e P(A) is the g.l.b. o/ Po, . . . , P„ in P(A) then | |r - P| | < 1. 

Proof. As P < Pk and hence by definition PPk = P, for k < n, we have PT = P. li R < P then 
also R = R* =TR and hence TR^ = T-TR = T-R so PR^ = PTR^ = P{T - R). If we 
actually have R < P then PR^ is a non-zero projection so 1 = \\P{T — R)\\ < \\T — R\\, which 
proves the first part. 

Now assume further that A has real rank zero and V{A) is cr-closed. If R £ P{A) is below 
Po, . . . , P„ then (T - R)*(T - R) = T*TR^. If R is actually a g.l.b. of Pq, . . . , P„ in V{A) then, 
by Theorem 4.1 (with tt the identity), sup((j(r*T)\{l}) < 1 and P e A. Thus we must actually 
Yi&Ye R = P = E^,j,{l-) and ||T-P||2 = \\T*TEt-t{1-)\\ < 1 and hence ||T-P|| < 1. □ 

When A w C{H), Theorem 4.2 tells us that, for P,Q,Re P{A), 

(9) P is the g.l.b. of P and Q in P( A) ^ R = PaQ ^ P < P, Q and ||PQ - P|| < 1. 
The most important case of Theorem 4.2 occurs when P = 0, in which case (9) becomes 

(10) P and Q are bounded below in r{A)\{0} ^ P A Q ^ <^ \\PQ\\ = 1. 

Note that is crucial, for <^ part of both equivalences in (10), that ViA) be fj-closed. For consider 
the P and Q in (7). For a counterexample to the second simply note that P A Q = even 
though ||P(5|| = 1 (and B{H) has real rank zero). For a counterexample to the first <=, let 7r„ 
be the universal representation of B(H) on Hu and let tt : B{H) C{H) be canonical. Then 
TT o 7r~^ can be extended to a normal representation 9 on the entirety of 'Ku[B{H)]" and hence 
eiTTuiP) A 7r„(Q)) = eiiTuiP)) A OiiTuiQ)) = 7r(P) A 7r(g) = 7r(P) ^ 0„. Thus 7r„(P) A n^iQ) ^ 0„ 
even though 0„ is a g.l.b. of 7r„(P) and 7r„(Q) in P(7r„[,B(iJ)]) (because P A Q = 0). 

As an immediate application of Theorem 4.2 for P = 0, we note that it implies the collection 
of projections on which a state (i.e. a positive functional on A of norm 1) is 1 is centred (in the 
usual order theoretic sense, i.e. that every finite subset has a non-zero lower bound)^. 

Corollary 4.3. Let (f> be a state on C -algebra A of real rank zero and assume further that P(A) 
is a-closed. Then P(0) = {P G P(A) : (/i(P) = 1} is centred. 

Proof. By the Gelfand-Naimark-Segal construction, there exists a representation tt on a Hilbert 
space H andv e H such that (l){S) = {Tr{S)v,v), for all 5 e A (see [1] Theorem 1.6.3). Thus if 
P G ViA) satisfies 1 = (/)(P) = {tt{P)v, v) then tt{P)v = v. So, for any Pq, . . . , P„ G P(^), setting 
T = Po . . .P„ we have tt{T)v = v and hence ||r|| > 0(r) = {tt{T)v,v) = {v,v) ^ 1. □ 

Lastly, we show that, even though V{A) may not be a lattice, it is still relatively well-behaved. 
Specifically, it is separative, i.e. whenever p q there exists non-zero r < q with r Aq = 0. 

Theorem 4.4. If A is a C* -algebra of real rank zero then V{A) is separative. 



In fetct, a lot more can be said about centred sets and states. For example, for every centred V C V{A) there 
exists a state which is 1 on all of V, and this even yields a bijective correspondence between pure states and maximal 
centred subsets of ViA) - see [2] for these and other related results. 
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Proof. Assume P,Q e V{A) satisfy P ^ Q, so ||Q-^P|| > 0. Take s,t e R and R € V{A) with 

< s <t < and E^Q^p{t) < R< E^Q^p{s). Note that P-^ < EpQ±p{0) and hence 

P > E^Q^p{0) > E^Q^p{s) > R. Thus \\QR\\ < 1 because, for v e TZ{R) C 7^(P), 

\\Qv\\ = ^Ji- WQ^vW' = \/i - WQ^P^W = \/i - {PQ^Pv,v) < x/r^. 

By Theorem 4.2 (see (10)), Q A i? = 0. But t < ||Q-^P|P = i|P<9-^P|i so < E^Q^p{t) < R. □ 

5. Lower Bounds (Countable Collections) 

Say wc arc given an aribtrary countable subset (p„) of a lattice P. Setting qn = po A . . . A Pn, 
for all n G uj, we see that (g„) is a (possibly non-strictly) decreasing sequence with exactly the 
same lower bounds. Even though 'P{A) may not be a lattice, for C*-algebras A of real rank zero, 
it will still have this property. Indeed, we already saw in the proof of Theorem 4.1 that, for every 
finite subset of 'P(A), there exists a decreasing sequence with exactly the same lower bounds. 
We now show that, if this holds even for just two element subsets V of P{A) then, so long as A 
has the w-property, it must also hold for arbitrary countable V C V{A). Note that this theorem 
applies even to C*-algebras that do not have real rank zero, so long as there is some other method 
available to prove the two element case. 

Theorem 5.1. Let A be an arbitrary C* -algebra with the uj-property. If, for every two-element 

set V C V{A), there exists decreasing (Qn) ^ T^iA) with /\V = l\Qn then the same is true for 
countable V . Moreover, if V C 'P{A) has a g.l.b. Q G 'P(^) then Q = f\J- for some finite T QV . 

Proof. We first prove the theorem for finite V , by induction on the number of elements in V . For 
the induction step, we have decreasing (P„) C V{A) and P e 'P{A) and we have to find decreasing 
[Qn) Q T^iA) with /\Qn = P A l\Pn- For each n G a;, let {Pn.m)me^ be a decreasing sequence 
with P A Pn = f\jn^^Pn,m- Recursively define {Qn) ^ '^(^) such that Qn> P ^ Pn, for each 
n G CO, as follows. Set Qo = Po,o and, for each n G lo, let m„ be such that ||Pfc^„Pn,m„|| < 2~", 
for all k <n, and ||<3;l;_iPn,m„|| < 2~", which is possible because A has the w-property. Then let 

(11) Qn = i^Q„_.P„,.„Q„_.((l - 2-'")-), 

noting that (T{Qn-iPn,m^Qn-i) n (0, 1 - 2-2") because \ \Qn-iPn,mJ\ < 2"" (apply (4), (5) and 

(6)),^ and hence Qn = f {Qn-iPn,m„Qn-i) € A, where / is any continuous function which is at 
and 1 on [1 — 2^^", 1]. Note that the recursion may continue because 

Qn > ^^Q„_iP„.„„Q„_i (1-) = Qn-1 A P„,™„ > (P A P„_i) A (P A P„) = P A P„. 

As Qn > P A Pn, for each n G uj, /\ Qn > P /\ /\Pn- On the other hand, for all n G w and 
fc<n, wehave ||Pfc-^„g„|| < WP^Pn^mJl + \\Prt,mM\ < (by (11)) so AQ« <PAA^n- 

Thus the finite case is done, and to prove the countably infinite case let (P„) enumerate V and, 
for each n G oj, let {Pn,m)meoj be a decreasing sequence with /\^ Pn,m = Pq A . . . A P„. Then 
define (Qn) exactly as before. For the last statement, note that if V has a g.l.b. P then, as P(A) 
is cr-closed, (Qn) must be constant from some point onwards, i.e. Q„ = Qm for all n > m, for 
some m G UJ, and Qm is therefore the g.l.b. of P. In particular, Q^ < Pq A . . . A Pm- But the 
definition of the (Qn) shows that also Pq A . . . A Pm < Qm- D 

Theorem 5.1 (minus the last sentence) can also be proved for arbitrary C*-algebras of real rank 
zero, whether they have the w-property or not. Unfortunately, the proof is not so simple in this 
case, as it relies on some slightly technical calculations involving spectral families. Before we prove 
this in Theorem 5.4, let us first prove two lemmas. Lemma 5.2 essentially says that if a countable 
sequence of projections is close enough to being a decreasing sequence then there necessarily exists 
a decreasing sequence with the same lower bounds. 



Widentally, this means Qn = ^q^_^p^ m^Qn-i^'^-' ^° ^("S") = T^{Qn-iPn,m„Qn-i) = 7^(<3n-iPn,m,„)- 
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Lemma 5.2. Let A be an arbitrary C* -algebra and assume (P„) C V{A) satisfies ||P^P„+i|| < 1, 
for all n G oj, and 

(12) ^||Pfc^Pfc+i...P„|| ^0, asn^oo. 

k<n 

Then there exists (possibly non-strictly) decreasing (Qn) C P{A) such that f\Pn = /\Qn- 
Proof. For all n G lo, ||P^P„+i|| < 1 so, for any P < P„+i, we have 

TiiPnP) = n{Ej,^ppjo)) = 7e(^jL^ppji-)), 

where t = 1 ~ ||P^P„+i||^. It follows, by the continuous functional calculus, that the projection 
onto P(PnP) is in A (see (11) and the comments immediately after). Thus we have {Qn) C P{A) 
such that TZ{Qn) = P-iPo ■ ■ ■ Pn), for all n G ui. 

For m,n G CO, with m < n, and v G 7?.(P„), — Qnv\ \ < \ \v — Po . . .P„_iu|| and hence 

(13) ||Q;i,P„|| < ||Q;^P„|| < ||P„ - Po . . .P„|| < ^ ||Pfe^Pfc+i . . .P„|| ^ as n ^ oo. 

k<n 

Thus /\Pn <^Qn■ 

On the other hand, again for m,n G to, with m < n, and v G 7?.(P„), 

\\P^P0...Pn-lv\\ < \\Po...Pn-lV-Pm...Pn-lv\\ < W J2 Pk+1 ■ ■ ■ Pn-iv\\, 

and hence, as long as ||P„ — Pq . . . P„|| < 1, which is true for sufficiently large n by (13), 

\\P^Qn\\ = sup ||P^Po...P„_iz;||/||Po...P„-it;|| 
ve-RiPn) 

< sup II VPM+l----Pn-l^^ll/(ll^^l|-||^^-f'0...-Pn-l^^||) 



< II ^P,^Pfe+i...P„||/(l-||P„-Po...P„ 

k<m 

< \\PkPk+l ...Pn\\/il-\\Pn-P0...Pn\ 



— )■ as n — > 00 by (13). 
ThusAQ«<A^«. □ 
This next lemma provides the spectral family inequality required in the proof of Theorem 5.4. 
Lemma 5.3. For HilbeH space H, P e P(B(H)), S G S{B{H)) and s,t < \\S\\ with s>0, 
(14) \\Esit)E^spi^)\\^<m\-s)/{\\S\\-t). 
Proof For all v G TliE^gpis)), 

s\\v\\^ < {PSPv,v) 
= {Sv,v) 

= {SEs{t)v,v) + {SE^{t)v,v} 
< t{Es{t)v,v) + \\S\\{E^{t)v,v) 

= t\\Es{t)vr + \\S\\{\\v\\'-\\Es{t)v\\% 
and thus {\\S\\-t)\\Es{t)v\\^ < {\\S\\ - s)M^ 
which immediately yields (14). □ 

Theorem 5.4. Let A be a C -algebra of real rank zero. Then, for any (P„) C P{A), there exists 
(possibly non-strictly) decreasing {Q„) C P{A) such that /\ P„ = f\Qn- Moreover, if V{A) is 
a-closcif and {Pn) has a g.l.b. Q G P{A) then Q = Pq A . . . A Pm, for some m G ui. 



®If A is a C*-algebra of real rank zero and 'P{A) is <T-closed then A must in fact have the w-property (see [3] 
Theorem 6.3 and the comment after) and so the theorem can also be derived from Theorem 5.1 in this case. 
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Proof. By Lemma 5.2, it suffices to find (Q„) C V{A) such that ||(5;J:Qn+i|| < 1; for all new, 
/\Pn = /\Qn and X]fe<n \ Wk-Pk+i • • . Pn 1 1 — > 0, as n — > oo. To this end, for each n E oj, let 
Tn = Po ■ ■ - Pn and -E^ = Et't„- Set to,™ = 0, for all n £ oj, and, once (ife,„) has been defined 
for all fc < TO and n G co, set = 1 — (1 — tm-i,n+i)/{'m + n + 1)^, for all n € oj. After this 
recursion is complete, take {Qn) Q 'P(^) such that £'^(f„.i) < Qn < E:^{tn.o), for all n G cj (so 
Qo = -Pq)- We certainly have /\Pn < f\Qn- On the other hand, by (14) and our choice of {tm,n)^ 

(15) \\Ek{tk,n-k)Ei^^{tk+l,n-k-l)\\ < Y^(l - ife+i,„_fe_i)/(l - tk,n-k) = !/(« + l)^ 

for all k G n. Thus, for all to, n e w with n > m, 

= ll-Pm-E^n (*n,o)|| 

= P;^(i„,o)-P™S;^(t„,o)|| 

^ ll-^n (*n,o) - -E^(im,ri-m)-E^+l(*m+l,Ti-m-l) • • • -£^n (tn,o)| | 
— ^ ||-Efc(ffc,n-fe)-£^fe+l(tfe+l,n-fc-l)-£^fe+2(tfe+2,n-fe-2) • • • -B^(in,o)|| 

^ X/ l|-^fc(*fe,n-fe)-^fe+l(^fc+l ,n— fc— 1 J 1 1 
m<k<n 

< J2 V(r^ + l)' by (15) 

m<fc<n 

< l/(n+l)' 
0. 

Therefore, we also have f\Qn ^ /\Pn and hence A = f\Pn- 
Also, again for all m,n G u with n> m, 

\\QmQm+l ■ ■ -QnW 

< ||<3m-E^m+l(*m+l,n-m-l)-E;^+2(im+2,n-m-2) • ..E^{tn,o)\\ 

+ 5Z ll'^m'Sm+l • • •'^fe-lWfe - -£^fe"(*fe,n-fe))-£^fe"+l(ife+l,n-fe-l) • • •■E^;i:(t7i,o)|| 

m</i:<n 

< ||-E'm(im,n-m)-£'m+l(^'"+l,n-'n-l)ll + I l-E'fc (ife,n-fc)-£'fc+l (i/c+l,n-fc-l) 1 1 

m<k<n 

= 5Z ll-^fc(*fe.n-fc)-^fc+l(*fc+l,"-fe-l)ll 

m</c<n 

< l/(n+l)2 by (15). 
Therefore, for all n G oj, 

^ \\QiQm+l...Qn\\ < ^l/(n+l)2 
0<m<n m<n 

< l/(n + l) 
^ 0. 

Thus the first statement has been proved and the last statement follows exactly as in the proof 
of the last statement in Theorem 5.1. □ 

For an application of this, we again turn to states, and show that the centred sets mentioned in 
Corollary 4.3 are even countably centred, i.e. even countable subsets have non-zero lower bounds. 

Corollary 5.5. Let <j) be a state on C* -algebra A of real rank zero and assume further that V{A) 
is a-closed. Then V{4>) = {P G 'P{A) : (p{P) = 1} is countably centred. 
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Proof. For V C 'P(^), having no non-zero lower bound is equivalent to saying is a g.l.b. of V 
in V{A). If this were true for some countable V then it would also be true for some finite V, by 
Theorem 5.4, contradicting Corollary 4.3. □ 

The next little result shows that, in the order structures we are dealing with, if one side of a 
gap is a singleton, it actually dominates its side of the gap. 

Lemma 5.6. Let A be a C' -algebra of real rank zero such that ViA) has no atoms. If (V, {P}) 

is a gap for some P G Pi A) and P C P(A) then P is the l.u.h. of P in P{A). 

Proof. Assume P is not the l.u.b. of P in P{A). Thus there exists Q e P{A) such that {P, {Q}) is a 
pregap but P ^ Q. Thus EpQp{l—) ^ P and hence there exists s G (0, 1) such that EpQp{s) ^ P. 
Take any t G (s, 1) and let R G P{A) be such that Ej^Qp(t) <R< Ej,Qp{s). Then we have R<P 
which, as P — i? is not an atom, means we have S G P{A) such that P AQ < R < S < P. Hence 
S interpolates {P, {P}), contradicting the fact it is a gap. □ 

We can now show that C*-algebras like the Calkin algebra have no non-trivial countable gaps. 

Theorem 5.7. Let A be a C* -algebra of real rank zero such that P{A) has no atoms or {uj,uj)- 
gaps. If {P, Q) is a gap for (non-empty) countable P,QC P{A) then there exists Q £PU Q that 
is both an l.u.b. ofV and g.l.b. of Q in V{A). 

Proof. By Theorem 5.4, there exists increasing (P„) and decreasing (Qn) with the same upper 
and lower bounds as P and Q respectively. Thus (P„) or {Qn) must eventually be constant 
because P{A) has no (a;,a;)-gaps. Without loss of generality, assume that Qn = Q from some 
point onwards, and hence Q is the g.l.b. of Q in P{A). By Lemma 5.6, Q is also the l.u.b. of P, 
and must also be in P U Q, otherwise it would interpolate {V, Q) and this would not be a gap. □ 

If ^ = C{H) and both P and Q are pairwise commutative then the above result follows from [8] 
Lemma 5.34. In particular [8] Lemma 5.34 provides an alternative way of proving that V{C{H)) 

has no (cj, ix))-gaps. 

Yet again, let us show how this result tells us something interesting about states. Say we have 
a state ^ on a C*-algebra like the Calkin algebra, together with a pair of projections P and Q in 
the algebra such that 4'{P) = 1 = (f>{Q) even though (j){R) < 1 for every projection R below both 
P and Q. It is probably a little counter-intuitive that such a situation is even possible^, although 
reassuring to think that ^(P) could still be arbitrarily close to 1 for such R. But no. Theorem 5.7 
tells us that this is not the CcLSG^ clS shown below. 

Corollary 5.8. Let (p be a state on C* -algebra A of real rank zero such that'P{A) has no {u!,U!)- 
gaps. For any (P„) C P{A), {<j){Q) : Q G P{A) A Vn G uj{Q < Pn)} has a maximum. 

Proof. Take {Qn) C V{A) such that Qn < Pm, for all m,,n G lo, and 

ct){Qn) t sup{(^(Q) : Q G V{A) A Vn G uj{Q < Pn)}. 

By Theorem 5.4, we may replace (P„) and (Qn) with equivalent (possibly non-strictly) decreasing 

(P^) and increasing (Q'J. We can then obtain R G P{A) such that Q', < R < P',, for all n E u, 
(if one of these sequences is eventually constant, this is immediate, otherwise use the fact that 
V{A) has no (w,a;)-gaps), giving Q„ < R< Pn and hence 4>{Qn) < (l>{R)-, for all n G w. □ 



but it is, in feict if 4> is the state on the Calkin algebra given by (/)(7r(r)) = (fe/(T) = lim„^y (Ten, en), where 
Cn is an orthonormal basis and W is a non-principal non-P-point ultraiilter, then there will even exist projections 
P and Q such that <t>{P) = 1 = (t>(Q) despite the fact 4>{I{} = 0, for all projections R < P,Q. Moreover, it is even 
consistent with ZFC that for every pure state 4> on the Calkin algebra, there exist projections P and Q such that 
</)(P) = 1 = (piQ) even though </>(-R) < 1, for all projections R< P,Q - see [2]. 
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6. Upper Bounds 

For projections P and Q, we have P < Q < P-*-, and hence each result in §4 for lower 

bounds has an equivalent formulation in terms of upper bounds. Also, by applying (5) and (6), wc 
get a{PQ) n (0, 1) = cr(P^<5-^) n (0, 1) and hence, when A has real rank zero and 'P{A) is a-closed, 

(16) PAQeA ^ PvgeA 

by Theorem 4.1. We can also prove the following analog of Theorem 5.1 for upper bounds, which 
actually has some added strength owing to the fact that TZ{Qn) C X^j,<„ TZ{Pk), for all n G oj. 

Theorem 6.1. Let H and H' be Hilhert spaees, let A C B{H) be a C* -algebra of real rank zero 
containing the identity operator and let n : A ^ B{H') be a homomorphism such that 7r[yl] has the 
uj-property. For any {Pn) C V{A), we have (possibly non-strictly) increasing (Qn) C V{A) with 
T^{Qn) C X]fe<n '^(-f's)' /°'~ '^^^ new, and \J '^{Pn) — \J T^iQn)- In particular, if {'^{Pn)) has an 
l.u.b. then it has one of the form n{P), where 7?.(P) C ^7?.(P„) 

Proof. Use the proof of Theorem 4.1 to prove the first part for pairs, i.e. to show that, for 
any P, Q G P(A), we can find (Q„) C P(^) such that 7^(Q„) C 7^(P) + n{Q), for all n € ui, 
and also 7r(P) V t:{Q) = \Jn{Qn). The key to proving 7^(Q„) C 7^(P) + 7^(Q) is to note that 
n{EQ±p±Q±{t)) = n{Q) + n{PEpQp{t)), for all t e [0, 1). Proving this for finite collections is 
done by induction and then the countable case follows from this, as in the proof of Theorem 5.1. □ 

If P, Q and R are projections then R < PVQ is equivalent to TZ{R) C TZ{P) + TZ{Q). However, 
TliR) C TZ{P) + 1Z{Q) does not necessarily imply 7r(P) < 7r(P) V 7r(Q) or even 7r(P) < 7r{S) for a 
projection S such that 7r(5) > tt{P),t:{Q). Indeed, for the P and Q in (7), n{P) +n{Q) = H even 
though 7r(P) = ■7t{Q) ^ 1, where tt : B{H) — > C{H) is canonical. The interesting thing, though, is 
that the slightly stronger statement TZ{R) C TZ{P) +TZ{Q) will actually yield tt{R) < 7r(5) for any 
such S, as we now show. This also yields characterizations of those P such that TZ{P) C ^ TZ{Pn) 
and 7r(P) is an l.u.b. of (7r(P„)) (which holds for some P if (7r(P„)) has an l.u.b., by Theorem 6.1). 

Theorem 6.2. Let A{C B{H)) be a von Neumann algebra! , let be a homomorphism from A 
onto a C -algebra B and take (P„) C V{A) and P e V{A) with n{P) C Y.T^{Pn)- If Q & V{A) 
satisfies ^{Pn) < 7i'(Q), for all n G ui, then n{P) < 'k{Q). Moreover, the following are equivalent. 

(i) 7r(P) is the l.u.b. o/(7r(P„)) inV{B). 

(ii) 7r(P) > tt{Q) whenever Q G P{A) and n{Q) C X;'7^(P„). 

(iii) 7r(P) = 7r((3) whenever Q e V{A) and TZ{P) C TZ{Q) C ^7e(P„). 

Proof. Take positive (r„) such that X)^" < oo. Then J2'''nRn will be a bounded linear operator 
on (the external direct sum) ® 7?.(P„), where P„ is the projection onto the n^^ coordinate. Thus 
^ = {{vn) G ®T^{Pn) '■ = 0} = {J2 '''nRn) wiU bc closcd. Now let R be the map taking 

each V G X7?.(P„) (or even v G 72.(Xr„P„)) to the unique (?;„) G @TZ{P„) that is orthogonal to 
N and satisfies X]r„t;„ = v. Now note that R is closed because if r„ v and Rvn — >■ {wm) then, 

as RVn J- N for all new, (Wm) -L -/V and Vn = J2m rmRmRVn Y.m ^rnWm =V so RV = (Wn). 

By the closed graph theorem, R is bounded on TZ{P). Furthermore, we claim that, for all n G a; 
and S e A', we have SRnRP = RnRPS and hence P„PP G A" = A. To see this, take S € A' and 
note that, as SP = PS, it suffices to prove that SRnRw = RnRSw, for all n G a; and w G 7?.(P). 
Take n € uj and w G 7?.(P) and note that w = rowo + . . . + rmWm for some iuq, • • • , w„i such that 
Wfc G Ti{Pk), for all fc < TO, and (w^) _L (setting = 0, for all k > m). It follows immediately 
that SRnRw = Swn- If [xk) G AT then ^r^x^ = 0, so 'YrkS*Xk = and hence {S*Xk) G N. 
As (wfe) -L A^, X(S'u>fc,Xfc) = S'*Xfe) = 0, i.e. (Swi^) _L A'. Thus R^RSw — Swn, and the 

claim is proved. It follows that '^{Q^RnRP) = tt{Q^ Pn)TT{RnRP) = 0, for all n G w, and hence 
niQ^P) = Tr(Q^iZrnRnR)P) = E ^«7r(Q^P„PP) = 0. 

Thus the first part is proved, and to prove the equivalence of the last three statements, note 
first that (i)=>(ii) follows from the first part. Conversely, if (ii) holds then 7r(P) > 7r(P„), for 



Actually, the theorem holds more generally for all C*-algebras of real rank zero, with a slightly different proof 
- see [3] Corollary 6.4 
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all new, which, together with the first part again, implies that 7r(P) is an l.u.b. of (7r(P„)) in 
ViB). The (ii)^(iii) part is immediate. Conversely, say (ii) fails, i.e. tt{P) ^ t^{Q) for some 
Q e ViA) with7^(0) C 27^(P„). Then \\PE^p^q{6)\\ < VT^, where 0<S < ||7r(P^g)||2, so 
TZ{P) + TZ{Eqpj^q{S)) is closed, and if R denotes the projection onto this subspace then R e V{A) 
and 7e(P) C n{R) C J^T^iPn), even though \\n{P-^R)\\ > \\Tr{P-^E^p^Q{S))\\ = \\n{P^Q)\\ and 
hence 7r(P) ^ 7r(J?). □ 

We can now show that the canonical homomorphism to the Calkin algebra preserves l.u.b. s (of 
countable subsets) precisely when the span of the corresponding subspaces is closed. 

Corollary 6.3. Let H and H' he Hilbert spaces, let tt : B{H) — >■ B{H') he a hom,om.orphism, such 
that 7r-i[{0}] ]C{H), let (Pn) C V{B{H)) and take P e V{B{H)) with 7^(P) C X]7^(P„). Then 
tt{P) — y ^{Pn) if and only if TZ{P) has no closed infinite dimensional extension in ^TZ{Pn)- 
Hence ^ TZ{Pn) is closed if and only if n{\/ Pn) = V '^{Pn)- 

Proof The (i)<;4>(iii) part of Theorem 6.2 proves the first part of this corollary. It (or the (ii)=>(i) 
part) also shows that if ^7^(P„) is closed then 7r(V Pn) = \J i^iPn)- Conversely, if we have 
7r(\/ Pn) = V "^{Pn) then, for the {Qn) in Theorem 6.1, we must have 7r(Q„i) — \J 7r(P„) = 7r(\/ P„), 
for some to e w, because t:[B{H)\ is isomorphic to C{H) and hence 'P{'k[B{H)]) is cr-closed. As 
T^iQm) ^ T^{Pn) C J2 T^{Pn) = "^(V ^n), we See that ^ Ti{Pn) is a finite dimensional extension 
of the closed subspace TZ{Qm) and hence itself closed. □ 

7. The Order on Self-Adjoint Operators 

While not the main focus of this paper, we prove one result about the order on all self-adjoint 
operators S{A) for an arbitrary unital C*-algebra A, improving on [12] Corollary 4. 

Theorem 7.1. Let A be an arbitrary unital C -algebra. Lf P,Q G P(^) do not commute then 
there exists S G S{A) such that S a,nd are incomparable and ({0, 5}, {P, Q}) is a gap in S{A). 

Proof. As P and Q do not commute, PQP is not a projection and we have r e (0, 1) fl a{PQP). 
Let / be a continuous function on M with the following properties 

(i) fir) > 0, 

(ii) fit) < -1, for all t < r/2, and 

(iii) f it) < r/4, for all t > r/2. 

Let S = J f{t)dEpQp{t) and take v G H. If {Sv,v) < 0, then we certainly have {Sv,v) < {Qv,v). 
Otherwise, as 

{Sv,v) = {SEpQp{r/2)v,v) + {SEj,Qpir/2)v,v) < (r/A)\\Ej,Qp{r/2)v\\^ - \\EpQp{r/2)v\\\ 

we must have \\EpQp{r/2)v\\ < {^/2)\\EjiQp{r/2)v\\ < ^JrJ2\\EjiQp{r/2)v\\. Thus, as 

||Q^;|| > \\QEj,Qp{r/2)v\\ - \\EpQp{r/2)v\\ > ^\\E^Qp{r/2)v\\ - \\EpQp{r/2)v\\, 

we have {Qv,v) = WQvW^ > {^/r/2\\E^Qp{r/2)v\\ - \\EpQp{r/2)v\\)'^. Therefore, to show that 
S < Q, it suffices to show that 

{r/4)x^ -y^ < i\fVj2x - yf = rx'^/2 - yph-xy + y^ , 

for all r,x,y G M. But this follows immediately from the fact that 

< rx^/A - \/2^xy + 2y'^ = {^/rx/2 - \f2yf, 

for all r,x,y € M. 

On the other hand, P commutes with PQP and hence with S, as S is in the closure of the 
algebra generated by PQP and 1. Thus, 

{Sv,v) - {Pv,v) = {SP-^v,P^v) < -||P-^w|p, 

for all V € H, the last inequality coming from 7^(P)-L C n{EpQp{0))) C n{EpQp{r/2))). Thus 
we also have S < P. 
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However, for e > small enough that e < 1 — r and f{t) > 0, for alH e [r — e,r + e], we can 
find non-zero 

V e niEpQp{r + e) - EpQpir - e)) C ^pqp(I-) = (UiP) n UiQ))^ . 

We therefore have (Sv,v} > even though ({P A Q)v,v) = 0. Thus S ^ P A Q, even though 
P A Q is a g.l.b. of P and Q in the set of all T e S{B{H)) with T > 0, by [12] Lemma 2. Thus 
the prcgap ({0, 5}, {P, Q}) can not be interpolated. 

The V of the last paragraph witnesses the fact that S ^ 0, while any non-zero v G TZ{P)-^ C 
TZ{EpQp{0)) (note that P 7^ 1, as P and Q do not commute, and hence P-"- ^ 0) will witness the 
fact that 5^0, i.e. S and are incomparable. □ 

Corollary 7.2. iei A be an arbitrary unital C -algebra. If P,Q G 'P{A) have a g.l.b. in S{A) 
then they necessarily commute. 
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